2006 AP Calculus BC – Part A (with calculator) - Solutions
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o
I. Let R be the shaded region bounded by the graph of y = Inx and the line y = x — 2. as shown above.
(a) Find the area of R.
(b) Find the volume of the solid generated when R is rotated about the horizontal line y = —3.

(¢) Write, but do not evaluate, an integral expression that can be used to find the volume of the solid generated
when R is rotated about the y-axis.




(a)  Using ‘Vertical Strips’… 
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(b) and (c) using ‘Vertical Strips’… (b) results in the Washer Method (c) the Shell Method
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2006 AP Calculus BC – Part A (with calculator) – Solutions
[image: image6.jpg]2. Atan intersection in Thomasville, Oregon, ¢

s turn left at the rate L(r) = 607 sin’ (%) cars per hour over the
3

time interval 0 < 1 < 18 hours. The graph of y = L(1) is shown above.

(a) To the nearest whole number, find the total number of cars turning left at the intersection over the time
interval 0 < < 18 hours.

(b) Traffic engincers will consider turn restrictions when L(r) 2 150

per hour. Find all values of 7 for

which L() = 150 and compute the average value of L over this time interval. Indicate units of measure.

(c

Traffic engineers will install a signal if there is any two-hour time interval during which the product of the
total number of cars trning left and the total number of oncoming cars traveling straight through the
intersection is greater than 200.000. In every two-hour time interval, 500 oncoming cars travel straight
through the intersection. Does this intersection require a traffic signal? Explain the reasoning that leads to
your conclusion.
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(a) 
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      (1 pt for the setup and 1 point for the answer)
   *Notes: (1)You can use and expression such as L(t) if either you or the exam defines it.


       (2) The question asks for the “nearest” whole number of cars! Get the answer pt!
(b) On the graph of y1 = L(t), graph the horizontal line: y2 = 150 and find the intersection.

     Let 
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(i) 
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   (1 pt for interval)

(ii) AV(f(x)) = 
[image: image12.wmf]1

()199.426 cars/hour

b

ba

a

Ltdt

-

=

ò

     (1 pt for avg value, 1pt – answer)
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    *Notes: (1) To get the setup point, the limits of integration, 
[image: image14.wmf] and 

ab

, must be defined.


       (2) No credit (in this instance) for the answer if units are omitted. 

(c) Whew! 2 hr interval, P(product) = multiplication (Don’t ask why we’re mutliplying!), Total Lefts = integral over some 2 hr interval, Total Straights = 500 for every 2 hr interval (Don’t ask why it’s a constant!), and why the product P > 200,000 to put in a light? (Don’t ask!)…
      Here we go… we need P = (Total Lefts) 
[image: image15.wmf]´

 (Total Straights) > 200,000 to get the light.

      (yeah, yeah… in some 2 hr period) anyway, since Straights are always 500 per 2 hours,

      What we need is for Total Lefts > 200,000/500 or Total Lefts > 400 for some 2 hr time.

       Total Lefts is the area under the curve and to maximize this, we find that the time of  

       maximum left turns is around 14.5 hours, so integrate 1 hr left(less) to 1 hr right(more)


Let’s try: 
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  …so yes, put in the $%& traffic light!

   *Note – Another method (that works in this instance) would be to draw the line, y = 200 cars/hr, and show that there is a 2hr time interval when L(t) > 200 (always isn’t necessary).
2006 AP Calculus BC – Part A (with calculator) – Solutions
[image: image17.jpg]3. Anobject moving along a curve in the xy-plane is at position (x(z). y(r)) attime . where

dx = Yo dy A
o = sin (1—24 ).\ml—f

dr 4

for r 2 0. Attime r = 2. the object is at the point (6. —3). (Note: sin = arcsin x)

(a) Find the acceleration vector and the speed of the object at time ¢ = 2.

(b) The curve has a vertical tangent line at one point. At what time 1 is the object at this point?

(c) Let m(t) denote the slope of the line tangent to the curve at the point (x(1). y(r)). Write an expression for
m(t) interms of ¢ and use it to evaluate Jim (7).

(d) The graph of the curve has a horizontal asymptote y = ¢. Write, but do not evaluate, an expression
involving an improper integral that represents this value c.




(a) We’re given the velocity components: 
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(i) acceleration vector, find the derivatives of the velocity components at t = 2
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(ii) speed is the magnitude of the velocity vector or 
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 Use the same y1 and y2 as above but after 
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 vx =.8173 and repeat to get: v​y = .8889, then 
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(b) A vertical tangent has an ‘infinite’ slope which would occur when the denominator is 0.
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, sorry… it’s easy to solve ‘by hand’ (see 

     below if you’re curious), we’ve got a calculator, so 
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     to get: 
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(c) (i) Slope as a function of ‘t’, no problemo! 
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     (ii) 
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So… the limit is 
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.  If you’re not sure about the limits, just plug in t = million!
(d) Think about the graph of y = f(x) and that
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      we do know that at t = 2, y = -3, so we’ll use that for the lower limit of integration:
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#3 Do not look at these solutions. They were done without a calculator!
(a) (i) 
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Recall: 
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 and use the quotient rule to find 
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Now plug in t = 2, to get:  
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(ii) Speed is the magnitude of the velocity vector, 
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. Plugging in t = 2 we get:  
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(b) Vertical tangent when the denominator is zero…
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(c) (i) Slope as a function of ‘t’, no problemo! 
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     (ii) 
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So… the limit is 
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(d) Think about the graph of y = f(x) and that
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      we do know that at t = 2, y = -3, so we’ll use that for the lower limit of integration:
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2006 AP Calculus BC – Part B (no calculator) – Solutions
[image: image64.jpg]4. Rocket A has positive velocity v(r) after being launched upward from an initial height of 0 feet at time 1 = 0
seconds. The velocity of the rocket is recorded for selected values of  over the interval 0 < f < 80 seconds, as
shown in the table above.

(a) Find the average acceleration of rocket A over the time interval 0 < ¢ < 80 seconds. Indicate units of
measure.

0
(b) Using correct units, explain the meaning of (m V(1) dt in terms of the rocket’s flight. Use a midpoint

o
Riemann sum with 3 subintervals of equal length to approximate. [ ") .

3

(¢) Rocket # is launched upward with an acceleration of a(t) = feet per second per second.

1
1= 0 seconds, the initial height of the rocket is 0 feet, and the initial velocity is 2 feet per second. Which of
the two rockets is traveling faster at time ¢ = 80 seconds? Explain your answer.



 

(a) 
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[1 pt - answer]

(b) (i) The definite integral from 10 to 70 seconds is the displacement (or distance traveled 

           here) in feet (in the vertical direction).

      (ii) Ah… Smidpoint! with 
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so the midpoint x-values we’ll use to get the y-values are actually 20, 40, and 60
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[3 pts – 1 for (i), 1 for using midpoints, x = 20,40,60 and 1 for the answer (see units below)]

(c) Rocket A (from the chart) has a v(80) = 49 ft/sec
     Find the velocity function for Rocket B. Integrate its acceleration, 
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 , to find C, we plug back in, 

     using v(0) = 2 ft/sec (given in the problem):  
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     so 
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 > 49 ft/sec
     Hence, Rocket B is traveling faster than A at 80 seconds.

[4 pts – 1 for getting 
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, 1 for remembering the integration constant, C, and 1 for using the initial condition that v = 2 ft/s when t = 0 sec to get C = -4, and 1 for comparing the velocities and drawing the correct conclusion.]

Hey, this only adds up to 8 points? Where’s the 9th point?

[1 point for correct units in parts (a) and (b). NO half-points here, all or nothing!]
2006 AP Calculus BC – Part B (no calculator) – Solutions
[image: image78.jpg]< 6 - . . . .
2 ———for y # 2. Let y = f(x) be the particular solution to this

< . . .ody
5. Consider the differential equation £
[x

differential equation with the initial condition f(~1) = —4.
dy  d’y
(@) Evaluate <X and _z‘ at (=1.—4).
dx
(b) Is it possible for the x-axis to be tangent to the graph of £ at some point? Explain why or why not.
(¢) Find the second-degree Taylor polynomial for f about x = —1.

(d) Use Euler’s method. starting at x = —1 with two steps of equal size, to approximate f(0). Show the work
that leads to your answer.




     (a) 
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 EMBED Equation.DSMT4  [image: image81.wmf]2
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     (b) Tangent to the x-axis means slope = 0 when y = 0, but  
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 which is not possible.

     (c) We’re looking for the coefficients for the Taylor Series: 
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          T2 = 
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 (2nd degree Taylor Series)

     (d) We need to steps of equal size from x = -1 to x = 0, hence let 
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          First we use the tangent line at (-1,-4) to approximate f(-.5):
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          Now we use that point (-.5,-1) to find the approximate slope at x = -.5   

                          
[image: image90.wmf]2

6513

1244

'(.5)5(.5)2

f

--

-»--=+=

 

          Finally, we use this approximate slope and the approximate point (-.5,-1) to…
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2006 AP Calculus BC – Part B (no calculator) – Solutions
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The function £ is defined by the power series
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for all real numbers v for which the series converges. The function g is defined by the power series
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for all real numbers v for which the series converges.
(a) Find the interval of convergence of the power series for £, Justify your answer.

(b) The graph of y = f(x) - g(x) pa

s through the point (0, -1). Find y’(0) and y”(0). Determine
whether y has a relative minimum, a relative maximum, or neither at x = 0. Give a reason for your answer.




(a) Using the Ratio Test (absolute convergence), we obtain:
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     Testing the endpoints:   For x = -1, we have 
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     Hence the interval of convergence is just:  
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(b) (i) From each Taylor series for f & g, we can find out 
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     Then for 
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     Method 2 – Take the derivative term by term of f(x) and g(x) and the first (constant)  

     term will be the first derivative at x = 0. The 2nd derivative will be the coefficient of the  

     linear term as with: 
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     (ii) 2nd Derivative Test. From above 
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Then � EMBED Equation.DSMT4  ���


and  � EMBED Equation.DSMT4  ���               1pt – integrand


where � EMBED Equation.DSMT4  ���	      1pt – for � EMBED Equation.DSMT4  ���





and we obtain: � EMBED Equation.DSMT4  ���		      1pt – answer











(b) � EMBED Equation.DSMT4  ���


hence: � EMBED Equation.DSMT4  ���


	= 34.198 or 34.199


(Here 2 pts for the integrand and 1 pt only for limits of integration, constant� EMBED Equation.DSMT4  ���, and answer)





(c) � EMBED Equation.DSMT4  ���
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where � EMBED Equation.DSMT4  ��� (as above)


(2 pts for the integrand and 1pt for limits & constant � EMBED Equation.DSMT4  ���)








Check the � EMBED Equation.DSMT4  ���, then go to � EMBED Equation.DSMT4  ��� and hit ‘6’ or select � EMBED Equation.DSMT4  ���. Enter ‘2’ to get: ax = .3956 and repeat to get: ay = -.7407  Hence, � EMBED Equation.DSMT4  ���
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