Inequalities – Problems

1. Give the equality definition of "a < b".

2. Prove part (ii) of Theorem 1:   If a > b, then (ii) a − c > b − c

3. Prove part (i) of Theorem 2:    If a > b and c > 0, then (i) ac > bc

4. Prove part (ii) of Theorem 3:   If a > b and c < 0, then (ii) 
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6. (a) If 
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7. If  −2 < x < 2  and −7 < y < −4 , (a) x + y  is ?  (b) x − y  is ?  (c) y − x  is ?
8. By the Division Theorem, 7 < 6 and 5 > 3 yield ?

9. Prove: The sum of a positive number and its reciprocal is greater than or equal to 2.

10. Under what condition(s) is the following statement true?  
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11. For what values of a and b is the following statement true?  
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12. Prove true for a,b,c > 0 and unequal:  a2 + b2 + c2 < (a + b + c)2 

13. Prove that 
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14. Prove by Math Induction that for any positive integer n ≥ 1 (Transitivity)

 
If a1 > a2 , a2 > a3 , … , an−1 > an , an > an+1 then a1 > an+1  

15. Show that 
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 (Subtracting/Adding Denominators Theorem)

16. Show that for bd > 0, 
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17. Show that (i) 
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 (Adding Numerators Theorem)



(ii) with equality iff  ad = bc

Solve
18. 
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20. x2 − 4 < 0

21. x2 + 25 < 0
22. x2 + 11x − 12 < 0

23. x2 − 7x ≥ 0
24. x2 + x > 2

25. x2 − 3 ≥ 0

26. x2 + x > 3

27. x3 − 4x > 0

28. x2 (x + 2) > 0

29. (x − 3)(4 − x) > 0

30. −x2 + 2x + 3 < 0

Inequalities – Problems

31. (x2 − 4)(1 − x2) > 0

32. x3 (x − 1)2 (x + 3) ≥ 0

33. 
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36. 
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37. 
[image: image19.wmf]3

2

2

x

x

-

>

+


38. 
[image: image20.wmf]34

25

xx

xx

+-

<

-+


39. 
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40. What is the domain for: f(x) = 
[image: image22.wmf]2

21

xx

-+


41. g(x) = 
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  Dg = ?

42. For what x-values is the graph of y = (x − 2)2 − 1 above the x-axis?

43. Find b so the roots of the following equation imaginary:     x2 + bx + 9 = 0

44. Graph the system: 
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45. Graph:  (a) y =
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46. Graph:  (a) y = 
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   (b) y = 
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47. Graph on the number line: 
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48. Graph on the number line: 
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49. Graph: (a) y = 
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  (b) y = 
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50. Graph: y = 
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Inequalities – Solutions
1. Def/  a < b  iff  b − a = n, n positive (n > 0)

2.  a > b  iff  a − b = n (n > 0)  (by the definition of  > )

     adding and subtracting c, we get:  a − c − b + c = n   (Subtraction Property of =)

                                                            (a − c) − (b − c) = n (but n is positive so…)

                                                              a − c > b − c  qed

3.  a > b  iff  a − b = n (n > 0)  (by the definition of  > )

     multiplying by c (c > 0), we get:    ac − bc = cn > 0  (Multiplication Property of =)

                                                 hence   ac > bc   qed

4.  a > b  iff  a − b = n (n > 0)  (by the definition of  > )

     let n = cm, c < 0 implies m < 0 also

                     a − b = cm



a/c − b/c = m < 0 (Division Property of =)

                     b/c − a/c = −m > 0 (Multiplying by −1)

        hence    b/c > a/c   or   a/c < b/c   qed

5. 
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6. (a) 
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7. (a) −9 < x + y < −2  (b) 2 < x − y < 9  (c) −9 < y − x < −2

8.  7/3  >  6/5

9. Proofs in math texts do not generally show the original thought process which often works backward from what is trying to be proven. We want to show a + 1/a ≥ 2, a > 0

and the following proof is clear, except as to how we got the first line!

     (a − 1)2 ≥ 0    true, but why start here?

     a2 − 2a + 1 ≥ 0   still wondering why we…

     a − 2 + 1/a ≥ 0  dividing by a (which was given as positive)

     a + 1/a ≥ 2  qed   

10. ab > 0
11. 
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12. recall  (a + b + c)2 = a2 + b2 + c2 + 2ab + 2ac + 2bc
13. Scratch Work           vs
Proof
      a < ½(a+b) < b


a < b  given

    2a < a + b < 2b


a + b < b + b  and  a + a < b + a  Addition Property, >

   a + a < a + b < b + b

2a < a + b < 2b  Substitution Property

  




a < ½ (a + b) < b   Multiplication or Division Property, <

Inequalities – Solutions
14. (i) For n = 1, a1 > a2 (given)

      (ii) (induction hypothesis) Assume that the statement is true for n = k which means:

                                                    a1​ > a2 , a2 > a3 , … , ak > ak+1 implies a1 > ak+1 

Time Out!

   (We try to show that if the statement is true for n = k, then it must be true for n = k + 1

which means we want to show a1​ > a2 , a2 > a3 , … , ak > ak+1 , ak+1 > ak+2 implies a1 > ak+2)

Okay, back to the proof!

                        
If a1 > ak+1 then a1 − ak+1 = n > 0 (from the Induction Hypothesis )





and if ak+1 > ak+2 then ak+1 − ak+2 =m > 0 (By the definition of  > )




Substituting we get:  a1 − (m + ak+2) = n > 0

 





   a1 − ak+2 = m + n > 0

 




hence    a1 > ak+2 

So if our induction hypothesis is true (n = k),

 then the statement to be proven is true for n = k + 1

        (i) and (ii) imply (By the Math Induction Principle) that we have truth 
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15. Adding the Denominators to the Numerators Theorem
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16. To prove an 'iff' statement (mutual implication) requires two logical directions.


(i) If a/b ≤ c/d , we can multiply by bd > 0 to get ad ≤ bc


(ii) If ad ≤ bc , we can divide by bd > 0 to get a/b ≤ c/d

17. 
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  (i)   
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  (ii) For equality: a) 
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       and (a) and (b) give us the iff result:   
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Inequalities – Solutions
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18. x < ¼ 

19. 
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20. |x| < 2     
21. 
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22. −12 < x < 1

23. x ≤ 8  or  x ≥ 7

24. x > 1  or  x < −2

25. |x| ≥ 
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27. −2 < x < 0  or  x > 2

28. x > −2 , 
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29. 3 < x < 4

30. x < −1  or  x > 3

44. 





45. 
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[image: image54]                   
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46. (a) line y = 1 with a gap from x=1 to x=2 (b) y = 1 segment between x=1 and x=2 

47.     





          
  
[image: image56]    
49.  Basically they're y = x2 curves with (a) a hole at (2,4) and (b) a gap between −1 and 1
 (a) [image: image57.png]


  (b) [image: image58.png]



*Students: Please draw in the 'open dots' for me. Thanks!

50. The same parabola as above in 49(b) but not the 'wings' , the 'middle'. 
31. −2 < x < −1  or 1 < x < 2


32. x ≤ −3 , x ≥ 0


33. x < −1  or  x > 1/3 


34. −1 < x < 1  or x > 2


35. −2 < x ≤ 5


36. x > −3 , � EMBED Equation.DSMT4  ���


37. −7 < x < −2


38. x < −5  or −1/2 < x < 2


39. −2 < x < 2  or x > 3


40. D = Reals


41. Dg = {x | −2 ≤ x < 3}


42. x < 1  or  x > 3


43. b < 6








(a)





(b)
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       x = −3                 0				  6       7
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