H. Logs and Logarithmic Functions

1. Log Functions

Since the exponential function is always one-to-one, it must have an inverse.


The name for that set of “interchanged” ordered pairs is the logarithmic function.
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F-1 is called the log function (base a). One way of describing the y’s or function values 


associated with the domain x’s is to say that, “For a given base ‘a’, y is the exponent 


for that base which yields x, ay = x.” These y’s or function values are called logs. 


Although a log is just a real number, it is often useful to think of a log as an exponent.



Def/ The log function, base a, is defined by the equation: x = ay   ,
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We write:  
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 (Read as: “log, base a, of x” or “log of x, base a”)
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Thm/ For a > 1, y = loga x  and  y = ax are both increasing functions.



Thm/ For 0 < a < 1, y = loga x  and  y = ax are both decreasing functions.


Compare the graphs of y = 3x and y = log3 x. 
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Compare also the graphs of y = log3 x and y = 
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Often we will change the logarithmic equation into an exponential equation.


Ex/ What is the meaning of log2 9? (These symbols represent a number which when
used as an exponent for the base of ‘2’ yields ‘9’)


Let z = log2 9 and rewrite this log equation as the exponential equation…
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So ‘z’ is not equal to ‘9’. ‘z’ is the exponent, base 2, which will get us ‘9’.


H. Logs and Logarithmic Functions (continued)


2. Laws of Logs


(1) 
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     *We call (3) the “Down in front!” Law. **Careful! x >0 for this law.



(4) 
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Also 
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Here are some fun theorems (with the usual restrictions on bases and arguments).  

         The proofs may be more instructive than some of the theorems themselves.


Thm/ 
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Proof: Since y = loga x  and  y = ax are inverse functions, 
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Try saying this over and over until it makes sense! “How much wood could…” 



Oops, not that one. Try this one, “These inverse functions ‘cancel’ each other 

                    out (as long as x is in the domain of the first function.” 


Thm/ 
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Proof: Using Law (3), we have: 
[image: image22.wmf](

)

(

)

log

logloglog

a

b

abb

baa

=

 (Down in front!)






By the theorem above:
      = 
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By Law (6), we have:
      = 1          QED       

    Collapsing Log Thm/ 
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Proof:  Basically, we repeatedly use the ‘Down in front’ law.
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and 
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combining we get: 
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QED 


Corollary 1/ 
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  (We’ll use the Collapsing Log Thm and Law (6) to…)

Proof: Since 
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 (Corollaries are easy to prove!)

2. Laws of Logs (continued)


Corollary 2/ “Change of Base Theorem” 
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Proof 1:  (Usually we work backwards from what we’re trying to prove: 
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 and start (seemingly ‘out of the blue’) with…)

Step 1: 
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 invoking the Collapsing Log Theorem

Step 2: 
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 dividing both sides by 
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Proof 2: (Alternatively, we start with the expression on the right and keep


working until we can turn it into the expression on the left.)


Step 1: 
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 EMBED Equation.DSMT4  [image: image39.wmf](
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The key step being the changing of 
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 (Corollary 1)



Then we use the Collapsing Log Theorem to say…


Step 2:            =
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Finally, bring it all together with a conclusion.


Step 3: 
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Okay, how about an example?



Ex/ So how does your calculator handle:  log2 7 = ?



Use the ‘Change of Base Thm’ and calculate: 
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 or 
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= 2.807…



Common log  
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*The theorem works for any base, so… 
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Look at this statement:  
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 Did you see what we just did?


Proof?  
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Thm/ 
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 (Russian Theorem raise base & argument to the same power!)


Proof: 
[image: image51.wmf]logloglog

loglog

logloglog

m

m

m

a

m

a

bmbb

bb

amaa

====

   (A ‘one-line’ proof.)


Ex/ 
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H. Logs and Logarithmic Functions (continued)

3. Hearing the words! 

Read aloud and listen to the English.


PRODUCTS


“The log of a product is the sum of the logs of the factors.”
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“The product of two logs…uh…isn’t much to work with!”
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  “unless the base of one equals the argument of the other!”
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 using the Collapsing Log Theorem.


QUOTIENTS


“The log of a quotient is the difference between the logs of the top and the bottom.”
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“The quotient of two logs…uh…isn’t good!”
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 “unless the two bases are equal!”
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 using the Change of Base Theorem.


RECIPROCALS


“The log of a reciprocal of ‘x’ is the negative of the log of ‘x’.”
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“The reciprocal of a log isn’t too bad!”
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 using one of our corollaries.

H. Logs and Logarithmic Functions (continued)


4. Solving logarithmic equations


Ex/ Solve for x:   
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Ex/ Different bases?  Solve: 
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Ex/ 
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      This is not an equation, but an expression. Let’s put everything in base 3.
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   Not bad. I think I’ll get rid of 1/49.
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     We’ll use “The sum of 2 logs equals…”
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Exponentiating both sides of a log equation such as: log3 x = 7 involves the use 


of the inverse function of a log function, namely, the exponential function.


Let f(x) = log3 x  and  g(x) = f-1(x) = 3x. When we write 
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saying is g(f(x)) or f-1(f(x)) = x. It’s like taking the square of a square root of x, you 
get x. So we can exponentiate: log3 x = 7 to get: x = 37. Similarly, 
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(i) The point (1,0) is on every log function.


(ii) Note the vertical asymptote, x = 0 (y-axis).


(iii) Note the y = x line symmetry for both.











(i) Symmetry wrt x-axis (reciprocal bases).


(ii) � EMBED Equation.DSMT4  ��� (x-axis reflection).
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