Limit Theory - Formal Proofs (page 1)
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Thm 1/  If lim() and lim(), then lim()()

"The limit of sum is the sum of the limi

ts."

Proof/ By the definition of a limit... f

or any (the trick)0

2

 if 0, then (

fxLgxMfxgxLM

xaf

e

e

dd

®®®

==+=+

=>

$'<-<

{

}

(

)

(

)

1

2

222

12

).

2

Similarly, for any 0
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(Now what we want to show is...()(). Hmm
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the Triangle Inequality Thm, ()()()().

Hence, ()()()(). 

lim()()  QED  
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ex/ 




Suppose delta-1 is smaller than delta-2. Take delta
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to be the minimum of the two. So an x in the delta-1
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neighborhood will map f(x) and g(x) to within an


         a


‘epsilon over 2’ of L and M, respectively. So the

     




sum of f(x) and g(x) or f(x)+g(x) will be in the


    L or M


required epsilon neighborhood of L+M.
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ex/ Just because the limit of a sum exists doesn’t mean the limits of the addends exist.

Consider: 
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Corollary 1.1/ If lim f1 = L1 and lim f2 = L2 …, then lim (f1 + f2 + …) = L1 + L2 +…
Limit Theory (page 2)
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Thm 2/  If (), then lim.

"The limit of a constant function is tha

t constant."

Proof/ For any 0 100 (any one delta will

 work for any !)

if 0, then ().

Notice this last inequali
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Notice here that 
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 is not dependent upon 
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, as is usual (in which case you’ll

often see in texts, 
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ex/ Consider the meaning of: 
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Can you explain this statement in terms of          y = 7

the graph shown here at the right?
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Thm 3/ If lim() and c(Reals), then lim()

lim().  ("Slide" Theorem!)
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Proof/ Case (i) If c = 0, then 
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Case (ii) If 
[image: image16.wmf]0, we use the definition of a limit of f

(x) so that...
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For any 
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Now we have 
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Hence 
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Now we’re going to prove Theorem 4/ “The limit of a product is the product of the limits.”

However to do so, we’ll need to prove some preliminary theorems, called ‘lemmas’.

Their results are mainly necessary for the proof of a more important theorm (Thm 4).

So we’ll get on with the proof of three lemmas for Thm 4. 

Just treat these proofs as exercises. You might even learn a trick or two. 

(Very theoretical stuff, these limit theorems!)
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Lemma 4.1/ If 
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Proof/ Given 
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Lemma 4.2/ If 
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Proof/ Seems reasonable! (Students always ask, “Why do we need to prove the obvious?”)

  For any 
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  Hence 
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(Skip the proof of this. I wrote it out to archive it. There’s an shorter lemma…)

Lemma 4.3/ If lim (f(x) - g(x)) = 0 & lim g(x) = L, then lim f(x) = L also. (This is a ‘longy’!)

Proof/ lim (f(x)-g(x))=0 implies that for each epsilon > 0, (1)
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lim g(x) = L implies that 

for each epsilon, 
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Now if we let 
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we have both conditions (1) and (2) above.


From (1) we have: 
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    (A) Now if g(x) > L, we’ll use the right side of (2), 
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we have on the right side, 
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whew! That’s 1/4 the battle! Now for the left side?



Now working backwards… (Don’t ask me who did this proof first!)
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 Wait a sec! How is that true?



Well, if 0<a<b and c = c, when we subtract the bigger from c, we get less!



So  c-b < c-a. Here we have, 0 < 
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    (B) Now if g(x) < L, then we’ll use the left side of (2) and also multiply by -1.
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on the right side, f(x) - L < 
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combining we get 
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Therefore, lim f(x) = L  in either case (A) or (B).  QED. 


Now for Theorem 4! (Actually the proof will be quick and easy using these lemmas!)

We’ve done the hard work!

Limit Theory (page 4)

Thm 4/ 
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Proof/ By Lemma 4.1 lim (f(x)-L)=0 and lim (g(x)-M)=0


 By Lemma 4.2 lim (f(x)-L)(g(x)-M)=0=lim (f(x)g(x)-Lg(x)-Mf(x)+LM)=0


 Now notice lim -Lg(x)=-LM and lim -Mf(x)=-ML (slide thm) and lim LM=LM


 (By Lemma 4.3 if lim (f(x)-h(x))=0 and lim h(x)=LM, then lim f(x)=LM…)


 So let  h(x) = Lg(x)+Mf(x)-LM and then lim h(x)= LM+ML-LM=LM


 and therefore by Lemma 4.3, lim (f(x)g(x))=LM.  QED.

Then I found this proof of Thm 4 using a shorter lemma than Lemma 4.3!!!

Lemma 4.4 (skip Lemma 4.3!)/ Let p(x) = f(x) - L, then lim f(x) = L iff lim p(x) = 0.


(i) (
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) Given lim f(x) = L, then lim (f(x) - L) = 0 by Lemma 4.1 

   hence lim p(x) = 0.


(ii) (
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) Given lim p(x) = 0, then lim (f(x) - L) = 0, hmm (back to the def of lim)



for any 
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   hence lim f(x) = L


from (i) and (ii), we have proved the iff statement above.

Thm 4 (one more time!)/ If lim f(x) = L and lim g(x) = M then lim (f(x)g(x))=LM.

Proof/ Let pf(x) = f(x) - L and pg​(x) = g(x) - M, then lim pf = 0 and lim pg = 0.


(we want lim (f(x)g(x)-LM) = 0, so let’s look at f(x)g(x)-LM)


f(x)g(x)-LM = (pf + L)(pg + M) - LM = Mpf(x) + Lpg(x) + pf(x)pg(x) + LM - LM




= Mpf(x) + Lpg(x) + pf(x)pg(x)  but the limit of each of these is zero.


Hence lim (f(x)g(x)-LM) = 0 + 0 + 0 = 0 (Using Lemma 4.4, 4.4, and then 4.2)


And once more using Lemma 4.4, lim (f(x)g(x)) = LM.  QED.

  (I really should apologize for putting Lemma 4.3 first, but I’m too tired to redo the order!)

 et’s see. Goodman’s Proof. Silverman’s Proof. Oh, yeah… here’s Thomas’ Proof!

 Don’t even look at this one! Silverman’s Proof above is the easiest to follow.


Thm 4/


Proof/ Using (f(x)-L)(g(x)-M)=f(x)g(x)-Lg(x)-Mf(x)+LM, we have



f(x)g(x)-LM = (f(x)-L)(g(x)-M) +Lg(x)+Mf(x)-LM-LM (why?!?)





= (f(x)-L)(g(x)-M) +L(g(x)-M)+M(f(x)-L) (why?!?)



Now back to the proof! Using the Triangle Inequality Thm…
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The plan is to make each of these three terms on the right less than 
[image: image50.wmf]3

e

.



For the first term, there exist deltas such that the minimum delta guarantees:
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 For the 2nd and third terms we use
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, hence lim f(x)g(x) = LM. That’s all folks!

� EMBED Equation.DSMT4  ���





x=3








_1069343020.unknown

_1069344333.unknown

_1069346615.unknown

_1069348617.unknown

_1069350106.unknown

_1069350432.unknown

_1069351879.unknown

_1069352461.unknown

_1069352613.unknown

_1069352002.unknown

_1069351804.unknown

_1069350187.unknown

_1069349004.unknown

_1069349377.unknown

_1069348911.unknown

_1069348231.unknown

_1069348524.unknown

_1069348203.unknown

_1069345176.unknown

_1069345600.unknown

_1069345938.unknown

_1069346275.unknown

_1069345685.unknown

_1069345762.unknown

_1069345370.unknown

_1069344882.unknown

_1069345011.unknown

_1069344701.unknown

_1069343693.unknown

_1069344079.unknown

_1069344220.unknown

_1069343787.unknown

_1069343447.unknown

_1069343676.unknown

_1069343067.unknown

_1069341113.unknown

_1069342303.unknown

_1069342701.unknown

_1069342918.unknown

_1069342629.unknown

_1069341639.unknown

_1069341668.unknown

_1069341138.unknown

_1069341234.unknown

_1069339745.unknown

_1069340496.unknown

_1069340790.unknown

_1069340723.unknown

_1069340377.unknown

_1069339929.unknown

_1069339207.unknown

_1069339677.unknown

_1069338422.unknown

